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Discriminated dimensional analysis of the energy equation:
Application to laminar forced convection along a flat plate
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Abstract

In contrast to “classical” dimensional analysis, whose application is widely described in heat transfer textbooks despite its poo
the less well-known discriminated dimensional analysis approach provides a deeper insight into the physical problems involved
better results in all cases where it is applied. The basis of this technique is firstly used to test the dimensional homogeneity of t
equation for incompressible fluids. It is then applied to the laminar forced convection on flat plates to determine the characteristic
the problem, drag forces and heat transfer coefficient. Neither the classical Reynolds and Nusselt numbers nor the drag coefficient
dimensionless parameters for the discriminated dimensional analysis and they do not play a separate (independent) role in the
this kind of problem. Furthermore, the dimensionless groups that really play a separate role are obtained with this technique. Th
equivalence between dimensional analysis and scale analysis is discussed.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Most text-books on conduction and convection heat tra
fer, both classical [1,2] and modern [3–10], make use of
results obtained by dimensional analysis, which we na
“classical dimensional analysis” (CDA, hereinafter), to d
duce, from the large number of variables that are gene
involved in this kind of problem, the dimensionless grou
of variables as a function of which the solutions may be
pressed. This is, undoubtedly, one of the main advant
of CDA, since the number of dimensionless groups wh
fully describe the problem is much smaller than the num
of non-dimensionless physical quantities that take part in

However, it is important to mention that some pres
gious text-books used in teaching and investigation [11
scarcely make reference to dimensional analysis. Bejan
for example, extensively uses scale analysis (SA, h
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inafter) to produce order-of-magnitude estimates of
quantities of interest, a goal beyond the scope of C
According to Bejan, “scale analysis is a technique of
confused either with the CDA or with the nondimensio
alization process of the governing equation, so extende
the research literature”. As regards the differences and
ilarities between discriminated dimensional analysis (DD
hereinafter) and scale analysis, these are discoursed
paragraph at the end of this paper.

Nevertheless, in spite of the advanced level of the ab
mentioned text-books, the techniques of dimensional an
sis are simply applied using the typical “non-discriminate
dimensional bases. Researchers into convection heat t
fer use a dimensional base made up of four or five b
quantities (length, mass, time and temperature) usually
pressed by the symbols (L,M,T , θ ) or (L,M,T ,Q, θ ), in-
cluding (or not) the heat quantity, without formally justifyin
such an inclusion from the point of view of dimension
analysis theory. For example, McAdams [1] uses the b
(L,M,T , θ ), whereas Chapman [2] and Gröber [13] use

base (L,M,T ,Q, θ). This controversy also exists among
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Nomenclature

CDA classical dimensional analysis
cp specific heat . . . . . . . . . . . . . . . . . . . . J·kg−1·K−1

DDA discriminated dimensional analysis
Fo Fourier number,= αtl−2

0
h specific enthalpy . . . . . . . . . . . . . . . . . . . . . J·kg−1

heat transfer coefficient . . . . . . . . . W·m−2·K−1

k thermal conductivity . . . . . . . . . . . . W·m−1·K−1

Nu Nusselt number,= hl/k

p pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . N·m−2

Pr Prandtl number,= ν/α

SA scale analysis
s specific entropy . . . . . . . . . . . . . . . . . J·kg−1·K−1

t time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
u specific internal energy . . . . . . . . . . . . . . . J·kg−1

v velocity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m·s−1

W mechanical energy . . . . . . . . . . . . . . . . . . . . . . . . J
x, y, z spatial coordinates . . . . . . . . . . . . . . . . . . . . . . . . m

Greek symbols

α thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

δ boundary layer thickness . . . . . . . . . . . . . . . . . . m
δik Kronecker delta
µ dynamic viscosity . . . . . . . . . . . . . . . kg·m−1·s−1

ν cinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

θ temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
ρ fluid density . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

ρcp volumetric heat capacity . . . . . . . . . . J·m−3·K−1

σ ′ component of the shear stress tensor associate
to the pressure forces. . . . . . . . . . . . . . . . . N·m−2

σ shear stress tensor . . . . . . . . . . . . . . . . . . . N·m−2

ξ viscosity coefficient . . . . . . . . . . . . . kg·m−1·s−1

∝ proportional
∼ order of magnitude
[ ] denote the dimensional equation of the enclose

quantity

Italic letters(used to designate the quantities belonging t
the dimensional base)

L length
M mass
T time
Q heat
θ temperature

Subscripts

x, y, z spatial directions
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classical authors specialized in dimensional analysis, su
Bridgman [14], who uses the base of McAdams and Hu
ley [15] who, in turn, use that of Chapman and Gröber.

In an attempt to increase the number of dimension
the base and, as a consequence, reduce the number
mensionless groups in the problem under study, Mills
established a distinction between what he calls “simple di-
mensional analysis” and “vectorial dimensional analysis”,
mentioning that with the last term the lengths measure
different directions (coordinates) in space can be ado
as independent dimensions. Historically, the idea of c
sidering spatial dimensions as “different” dimensions w
first proposed by Williams [16] in 1892; later, in the seco
half of XX century, Huntley [15] used the idea develop
by Williams, introducing the concept of “the method of t
components of fundamental dimensions”, and Runge
called it “vectorial dimensions”. Palacios [18] deals rig
ously with this subject and sets the basis for applying DD
including a large number of examples in his book. He s
“DDA augments the number of equations in the problem
it brings about a diminution in the number of dimensionl
groups and the solution becomes more precise”.

The consequence of using dimensional analysis in
classical sense (no spatial discrimination) of Bridgman [
and Langhaar [19] poses two problems: (i) it may introd
into the solution certain non-dimensionless groups, wh
are the ratio between purely geometric quantities, suc

the ratios between characteristic lengths (the so-called “form
s

i-

factors”), and, furthermore, excessively increase the num
of non-dimensionless groups, which renders applicatio
this technique useless, since many of these groups do
really take part as independent groups in the solution (as
curs in fin-wall assembly problems, where many geometr
variables exist); (ii) it provides dimensionless groups tha
not play an independent role in the problem. In general th
disadvantages are sidestepped by experienced resea
without explanation (from the CDA point of view). As w
see below, the use of DDA removes these groups imm
ately so that, for example, the form factors are not dim
sionless groups using the discrimination. In spite of all t
some books, both of general [18] and specific [20] inter
and other scientific works [21] devote a great deal of ef
to the formal application of DDA to engineering problem
particularly in heat transfer.

In this work, the dimensional homogeneity of the ene
equation is studied first from a DDA perspective. Next, as
application, the problem of laminar forced convection alo
a flat plate with negligible friction dissipation is studied, pr
viding the characteristic lengths and the drag and heat tr
fer coefficients. It is shown that, from the DDA perspecti
the drag coefficient and the well-known Reynolds and N
selt numbers are not relevant dimensionless parameter
do not play an independent role in the solutions. DDA
rectly provides the truly dimensionless groups that take
in the solution. Finally, similarities between scale analy

and DDA are discussed.
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2. Discriminated dimensional analysis versus classical
dimensional analysis

The variables that take part in a problem should fo
a “physical relationship” that is independent of the syst
of units chosen to measure them, a condition that is ter
“dimensional homogeneity”. The consequence of this c
dition is that the addends of each of the partial differen
equations that define the mathematical model of the prob
must be dimensionally homogeneous. Now, the dimens
less groups relevant to the problem may be deduced e
directly, by combining the variables adequately, using
typical techniques of CDA (this procedure is generally u
when the equations of the problem are unknown), or
the nondimensionalization of such equations by defining
appropriate dimensionless quantities. In the first case
dimensional equations of all the variables (velocity, lo
tion, temperature, pressure,. . .) given by their definition, and
those of all the parameters (viscosity, conductivity, spec
heat,. . .) deduced from the equations or laws by which th
are defined, must be known. So far, the above paragrap
plies both to CDA and DDA.

The essential difference between CDA and DDA [18
that in the latter, the spatial coordinates (vectors) and
the vectorial quantities have dimensional equations in wh
these spatial coordinates appear explicitly. That is, in D
there exists the possibility of using different units of me
surement for the three coordinates or for the three vect
components of any quantity of the problem, making th
quantities dimensionally independent [18, p. 72]. Of cou
other geometries (cylindrical, spherical or intrinsic coor
nates) may be used, depending on the problem under s
Also, new quantities (such as angles, surfaces, etc.), w
inclusion in the base was not considered before, can no
included [20, vol. 4]. For example, the angle in the base p
vides a new dimensional equation for the angular velocityω,
different from the classical[ω] = T −1, and the surface in th
base may be adequate when all the directions containe
it are physically equivalent (degenerated) for the partic
problem. Moreover, the mass may also be discriminate
distinguish the inertial effect from the amount of matter [1
and two time scales can be included in the dimensional b
if two simultaneous phenomena of different duration ta
place in the same problem, some quantities or param
being associated to one duration and some quantities t
other.

The main contribution of DDA is that it reduces th
number of dimensionless parameters (for a given num
of variables in the relevant list) that play an independ
role in the problem. The discrimination increases the nu
ber of equations in the problem of dimensional analysis
decreases the number of independent dimensionless
meters, which makes the solution more precise. Howe
that is not the only advantage. The assumption of only
length in CDA prevents distinction, for example, betwe

the quantity of shear stress (or inertia forces) associated to
r

-

.

-

different spatial directions. The degeneration of length
sociated to spatial directions, which is inherent in class
dimensional analysis, permits us to form numbers suc
Re or Nu, or coefficients such as the drag-friction. The
numbers or coefficients are really non-dimensionless p
meters whose dimensional equations and real meaning
from that generally assumed in many text books and ha
books) are provided by DDA.

With regard to nondimensionalization of the differe
tial equations, which is carried out whenever possible
determine universal solutions, discrimination of the spa
directions prevents the degeneration alluded to above
mensionless coordinates are formed by relating spatia
ordinates with characteristic lengths of the problem in
same direction (if they exist). Again, the discriminated
mensionless groups formed (following this procedure)
well defined and have the physical meaning associate
the rate or balance between the corresponding adden
the differential equation. Obviously, the number of relev
dimensionless groups obtained from the nondimension
ing the equations and from the application of the techniq
proper to DDA is the same.

3. Dimensional homogeneity of the energy equation for
incompressible fluids using DDA

The energy equation in fluids results from the bala
between: (i) time changes in the internal and mech
cal energy contained in the mass unit,∂(ρv2/2 + ρu)/∂t ,
(ii) energy flux density associated to the mass trans
div[(ρv2/2 + h)], (iii) energy flux density associated to th
internal friction processes due to viscosity, which take pl
either in the whole fluid,grad(θ) = 0, or with a non-uniform
spatial distribution,div[−vσ ′], and (iv) heat flux density
derived from conduction processes, dependent ongrad(θ),
derived from the existence of either dissipation processe
heat sources within the fluid; this flux, developed ingrad(θ)

series, may be approximated bydiv[−k grad(θ)]. So the en-
ergy balance may be written as

∂
(
ρv2/2+ ρu

)
/∂t

= −div
[(

ρv2/2+ h
) − vσ ′ − k grad(θ)

]
(1)

Taking into account certain thermodynamic relatio
conservation laws and the Navier–Stokes equations, Eq
takes the form:

ρθ
[
∂s/∂t + v grad(s)

]

= σ ′
ik(∂vi/∂xk) + grad

[
k grad(θ)

]
(2)

In this equation,[∂s/∂t + v grad(s)] is the total change
(local and convective) of the specific entropy of the fluid a
ρθ [∂s/∂t + v grad(s)] is the specific storage heat increas
by time unit. The latter is due to the energy dissipated by
viscous processes,σ ′

ik (∂vi/∂xk), plus the energy introduce

in the fluid mass by thermal conduction,grad[k grad(θ)].
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The shear tensor of the fluid,σ , is composed of two addend
one associated to the friction forces and one associated t
pressure forces,σik = σ ′

ik − pδik . Using the more genera
form for σ ′

ik

σ ′
ik = µ

[
(∂vi/∂xk) + (∂vk/∂xi) − (2/3)δik(∂vl/∂xl)

]

+ ξδik(∂vl/∂∂xl) (3)

which takes advantage of the fact that the expression
tween square brackets reduces to zero by contraction (i = k).
Eq. (2) for incompressible fluids reduces to

∂θ/∂t + v grad(θ)

= α
(θ) + (ν/2cp)
[
(∂vi/∂xk) + (∂vk/∂xi)

]2 (4)

with α = k/(ρcp) and ν = µ/ρ. For an isotropic and ho
mogeneous medium at rest, whose properties are tem
ture independent, the above equation takes the form o
Fourier conduction equation∂θ/∂t = α
(θ).

Two cases may be distinguished in the study of heat tr
fer processes between solid surfaces and fluids in mo
(i) heat transfer with energy conversion from mechanica
thermal, in which the last term of Eq. (4) is of the same or
of magnitude as the other terms, and (ii) heat transfer with
energy conversion, in which the last term is negligible. Fr
the point of view of dimensional analysis, Madrid [20,2
formally justifies that, in the first case, the number of dim
sions in the dimensional base is four, the most extended
being (L,Q,T , θ ), whereas in the second case, the num
of dimensions is five, the base increasing by inclusion of
mass quantity, (L,M,Q,T , θ ). In the last case, the dimen
sional equations of each of the terms of Eq. (4) are

• [∂θ/∂t] = θT −1;
• [v grad(θ)] = [∑i,j,k{vi(∂/∂xi)}θ ] = θT −1, since

[vi(∂/∂xi] = T −1;
• The dimensional equation of each of the addends


(θ) is not the same. Nevertheless, the addend
α
(θ) have the same dimensional equation sinceα is
a tensorial quantity and the components of the ten
have different dimensional equations in DDA.

Indeed, if discrimination is applied to the length asso
ated to the direction of the thermal gradient,Lgrad(θ), and
to the surface normal to that direction, namelySgrad(θ), the
dimensional equations ofk andρcp are:

[k] = [Q][t−1]/
([S][θ/n]) = QT −1S−1

grad(θ)θLgrad(θ)

[ρcp] = [
mV −1cp

] = [
V −1][Q]/[θ ] = S−1

grad(θ)
L−1

grad(θ)
Qθ−1

whereV denotes the volume of the fluid,[V ] = Sgrad(θ) ×
Lgrad(θ). In this way,

[α] = [k]/[ρcp] = L2
grad(θ)T

−1

the typical dimensions of a diffusion coefficient associa

to the heat diffusion in the direction ofLgrad(θ).
e

-

e

Applying the previous discussion to the discrimina
base (Lx,Ly,Lz,Q,T , θ,M), we can write:

[αx] = (Lgrad(θ),x)
2T −1

[αy] = (Lgrad(θ),y)
2T −1

[αz] = (Lgrad(θ),z)
2T −1

and “α
(θ)” may be expressed in matrix form

(αx αy αz)
T (

∂2/∂x2 ∂2/∂y2 ∂2/∂z2)θ

whose addends are dimensionally homogeneous and
the dimensional equationθT −1, which is the same as th
dimension equation for “∂θ/∂t” and “v grad(θ)”.

For the heat transfer involving energy conversion (frict
heat dissipation) the correct dimensional base is (L,Q,T , θ )
or its corresponding discriminated bases [21]. It is eas
demonstrate that the first three terms of Eq. (4) are hom
neous, their dimensional equation beingθT −1. However, de-
duction of the dimensional equation of the last term pres
greater difficulty. The kinematic viscosity (which charact
izes the momentum diffusion) has the typical dimension
diffusion coefficient,L2⊥/T , with L⊥ the direction in which
the momentum is diffused (normal to the velocity vectorv).

Indeed, we will make the discrimination choosing tw
directions, one parallel to the fluid velocity (which c
incides with the direction of the friction force,L‖) and
the other normal to the friction surface,L⊥. To com-
plete the base, the friction surface,S⊥, is added. In this
base (L‖,L⊥, S⊥,Q,T , θ ) the dimensional equations of th
force, mass and density [19] are,

[W ] = [Q] = Q, [F ] = [W ]/[r] = L−1
‖ Q

[m] = [F/a] = L−1
‖ Q/L‖T −2 = L−2

‖ QT −2

[ρ] = [m/V ] = L−2
‖ QT −2/L⊥S⊥ = L−2

‖ L−1
⊥ S−1

⊥ QT 2

so that the dimensional equation of the dynamic viscositµ,
from the Newton law,F = µS(∂v/∂n), is:

[µ] = [F ]/[S][v/n]
= L−1

‖ Q(S⊥)−1(L‖T −1/L⊥
)−1 = L−2

‖ L⊥S−1
⊥ QT

and that of kinematic viscosity,ν,

[ν] = [µ]/[ρ] = L2⊥T −1

which has the same tensorial character as that of the the
diffusivity. In rectangular coordinates,

[νi] = L2
i T

−1, i = x, y, z

and, using the above base(L‖,L⊥, S⊥,Q,T , θ)
[
(∂vi/∂xk)

2] = L2‖L
−2
⊥ T −2

[cp] = [Q/mθ ] = L2‖T −2θ−1

[
(νi/2cp)

] = L−2
‖ L2⊥T θ

giving
[
(νi/2cp)(∂vi/∂xk)

2] = θT −1

In conclusion, Eq. (4) is also homogeneous in the

criminated base.
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4. Application. The problem of laminar forced
convection along an isothermal flat plate with negligible
dissipation

4.1. Determination of characteristic lengths and their
meanings

The relevant list for the mechanical (fluid) problem
formed by the quantities:

• typical steady velocity far from the boundary layer,v0,
• dynamic viscosity of the fluid,µ,
• density of the fluid,ρ,
• length of the flat plate,l0.

In addition, the local positions (independent spatial coo
nates) should be included in the relevant list if we wish
investigate local unknown dimensionless groups, an as
that is not considered here.

Firstly we will investigate what CDA and DDA can te
as about the above list of quantities. The use of CDA, wh
assumes the base (L,T ,M) provides only one dimension
less group, namelyπ1 = ρv0l0µ

−1 = v0l0ν
−1 = Rel0, the

known Reynolds number, which, strictly according to ana
sis dimensional theory, will participate in the solution of t
problem. As regards DDA, the dimensional equations of
quantities for the base (L‖,L⊥, S⊥, T ,M), have the expo
nents shown in the columns of Table 1 (exponents ofµ are
derived from the Newton law of viscosity). Although a ba
with three discriminated lengths is applicable, we adop
complete base that includes the sliding viscous surface
cause this variable is more closely related with the phys
problem.

As is well known, the number of the independent dim
sionless groups,i, that may be derived from the variabl
of the relevant list,n, is i = n − H , whereH is the rank
of the matrix of the dimensional exponents [18]. From
ble 1,n = 4, H = 4 andi = 0. In consequence, DDA doe
not permitRel0 (= ρv0l0/µ) to play an independent role i
the problem. That is, from the point of view of DDA,Rel0 is
a non-dimensionless number, whose dimensional equa
is [Rel0] = L2‖L

−2
⊥ . The same result would appear ifl0 were

normal to the sliding surfaces (as occurs in laminar duct fl
in tubes, wherel0 is the radius or the diameter of the tub
in this case, the only change in Table 1 would be the ex
nent of the dimensional equation ofl0, which would become

Table 1
Fluid mechanical quantities and their dimensional exponents

Relevant list

v0 l0 ρ µ

L‖ 1 1
L⊥ −1 1
S⊥ −1 −1
T −1 −1
M 1 1
t

-

[l0] = L⊥, resulting in a different dimensional equation f
ReL, [Rel0] = L‖L−1

⊥ .
We have now verified that the classical Reynolds num

Rel0 does not play an independent role when using DD
Now, from the relevant list of Table 1, it is a straightfo
ward task to obtain a characteristic lengthl∗, of dimension
[l∗] = L⊥, that isl∗ ∝ (µl0/ρv0)

1/2. In this case,l∗ is what
we call a “hidden” quantity since it is not explicitly include
in the relevant list because it does not belong to the lis
known variables. Indeed, introducing the quantityl∗ into Ta-
ble 1, [l∗] = L⊥, the rank of the new matrix isH = 4 and
i = n − H = 1. If ε is the exponent of each variable in t
dimensionless group, the solution of the equations

εv0 + εl0 = 0

−ερ + εµ + εl∗ = 0

−ερ − εµ = 0

−εv0 − εµ = 0

ερ + εµ = 0

provides only one dimensionless groupπd = ρv0l
∗2/(µl0)

or πd = Rel0(l
∗/l0)

2 in terms of the classicalRel0 num-
ber [18].

But, what is the physical meaning ofl∗? Of coursel∗ is
linked to the variables that define the problem and wh
are linked to the physical process and to the hypothesis
sumed. In short, the meaning ofl∗ must be derived from
the dimensionless group associated to it, and this group
all the dimensionless groups that may be deduced from
relevant list) is a balance of certain quantities (mass, fo
or energy) of the problem. For the quantities of Table
πd = ρv0l

∗2/(µl0) is the balance between inertial and v
cous forces, so thatl∗ is the limit (in theL⊥ direction) of the
region in which this balance takes place, that is, the thickn
of the boundary layer.l∗ = δv according to the nomenclatu
extensively used in textbooks. Only within this region m
the above balance be defined since the fluid outside thi
gion is not subjected to inertial or viscous forces.

The meaning ofRel0 = ρvl0/µ in the laminar forced con

vection along flat plates is clear,Re1/2
l0

∝ l0/l∗, the ratio
between the plate length and the boundary layer thickn
Bejan [12] assigns the same meaning toRe1/2

l0
basing his ar-

guments on scale analysis arguments. For other types of
(internal tube duct flow, transverse flow, etc.), the dimens
less group that contains the hidden quantity,l∗, has the same
meaning of balance between inertial and viscous forces
neitherl∗ nor Rel0 (with l0 the diameter of the tube) has th
meaning given in the flat plate problem.

4.2. Determination of the force exerted by the fluid on th
plate (drag force)

This quantity predicts the total drag exerted by the stre

on the plate. This force translates into the pressure drop per
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unit of plate length and hence into the pumping power n
essary to keep the fluid stream flowing. The relevant
increases by the quantity of the shear stress (skin frict
experienced by the plate,τ , to which in accordance with it
definition,τ = µ(∂v/∂n), DDA gives the dimensional equa
tion [τ ] = ML‖T −2S−1

⊥ . Table 2 shows the dimensional e
ponents of the new relevant list. From this and applying
procedure mentioned in 4.1, the only dimensionless gr
that may be formed isπd = τ2l0/(ρv3

0µ), from which we
deduceτ ∝ (ρv3

0µ/l0)
1/2. Most text books and handbook

define the skin friction coefficient asCf = τ/(ρv2
0/2); sub-

stituting Cf in the above dimensionless group, the kno
proportion between the classical Reynolds number and
skin friction coefficient appears,Cf = Re−1/2

l0
. Again, de-

spite the fact thatCf is a dimensionless number in CDA an
that some books [6] give it the meaning of “ratio of surfa
shear stress to free stream kinetic energy”, from the p
of view of DDA, Cf is neither a relevant dimensionless p
rameter nor can its meaning be the balance between (
quantities associated to the same region of the fluid. Th
mension ofCf is [Cf ] = L⊥L−1

‖ , which is the ratio betwee
the boundary layer thickness and the plate length. Ot
wise, an easy inference leads to the expression of the
of surface shear stress to free stream kinetic energy, th
Cf l0/l∗ or Cf Re1/2

l0
(a dimensionless group from the pe

spective of DDA).

4.3. Determination of the heat transfer coefficient

The heat transfer coefficient is a measure of the resist
to the heat transfer from the fluid stream to the plate or v
versa. The relevant list of quantities and their dimensio
exponents, when friction dissipation is negligible, is sho
in Table 3.

The general case(0 < Pr < ∞). From Table 3 and agai
applying the procedure mentioned in 4.1, the dimension
groups that may be formed are

πd,1 = hk−1(l0µ/v0ρ)1/2

πd,2 = µρcp/ρk = ν/α = Pr

the solution being

hk−1(l0µ/v0ρ)1/2 = f (Pr)

Table 2
Quantities for solving the shear stress and their dimensional exponent

Relevant list

v0 l0 ρ µ τ

L‖ 1 1 1
L⊥ −1 1
S⊥ −1 −1 −1
T −1 −1 −2
M 1 1 1
)

which is generally written in teaching and research litera
as a function of Nusselt and Reynolds numbers,

Nul0Re−1/2
l0

= f (Pr)

Nul0 and Rel0 are not relevant dimensionless parame
from the perspective of DDA and, as a consequence, do
play an independent role in the solution (which is true). T
dimensions of these numbers for the problem under s
are:

[Nul0] = [hl0/k] = L‖L−1
⊥

[Rel0] = [v0l0/ν] = L2‖L
−2
⊥

and the grouping “Nul0Re−1/2
l0

∝ hk−1(l0µ/v0ρ)1/2” does
indeed play an independent role in the solution.

Finally, if the unsuitable dimensional base (L‖,L⊥, S⊥,

Q,T , θ ) is used, a new dimensionless group will appe
namely the Eckert number,

Ec= ρv2
0/(ρcp)
θ

whose physical meaning is associated to the conversio
mechanical energy to thermal energy (or vice versa) wh
does not take place in this problem. So, the solution give
this base would be incorrect.

The asymptotic case ofδt � δv or Pr 	 1. This hypothe-
sis applies to high conductivity liquids, such as metals.
velocity boundary layer is very small compared with t
thermal boundary layer, so that in most of the region wh
heat transfer occurs the fluid velocity is the non-distur
velocity, v0. In consequence, friction and inertial forces
this region are negligible. From this and eliminatingµ andρ

in Table 3, the only dimensionless group that may be form
is

πd,1 = h(l0/kv0ρcp)1/2 = hk−1(l0α/v0)
1/2

which leads to the solution for the heat transfer coefficie

h ∝ k(l0α/v0)
−1/2

Text books [3,22] include integral and similarity solutio
to this problem. The final result, given as a function of cl
sical dimensionless Nusselt, Reynolds and Prandtl num
is

Nul0 ∝ Re1/2
l0

Pr1/2

Table 3
Quantities for solving the heat transfer coefficient and their dimensi
exponents

Relevant list

v0 l0 
θ ρ µ k ρcp h

L‖ 1 1
L⊥ −1 1 1 −1
S⊥ −1 −1 −1 −1 −1
Q 1 1 1
T −1 −1 −1 −1
θ 1 −1 −1 −1
M 1 1



C.N. Madrid, F. Alhama / International Journal of Thermal Sciences 44 (2005) 333–341 339

it is
od-
di-

ical
ity)
r

men

-

ess,

rch
DA
ns-
ot)

ary
ery
and
nd

loc-

the
hin

ant

ts.

effi-
up

to
-

of

ies

ter-

vant

and,
role

es-

rim-
As mentioned above, neitherNul0 nor Rel0 is a relevant di-
mensionless parameter using DDA. On the contrary,
obvious thatPr is a dimensionless number and that the pr
uct Rel0Pr, namely the Peclet number, is not a relevant
mensionless parameter. The expressionh ∝ k(l0α/v0)

−1/2

may be converted toNul0 ∝ Re1/2
l0

Pr1/2 by introducing the
kinematic viscosity. In this case, none of the numbers,Nul0,
Rel0 or Pr, plays an independent role in the solution.Pr is
associated toRe in the form of the productRel0Pr = Pel0

and this product, in turn, is associated toNul0 in the form

Nul0(Pr Rel0)
−1/2 = Nul0Pe−1/2

l0
, which coincides with the

only dimensionless group provided by the DDA.
As we have seen above in 4.1, among the mechan

aspects of the solid–liquid interface, the (hidden quant
characteristic lengthl∗ was the boundary velocity laye
thickness. Also, as regards the thermal aspects, the di
sionless group deduced isNul0Pe−1/2

l0
. This group may be

written in the form (h/k)(l0Pe−1/2
l0

), where the characteris
tic length,δt , which makes the ratioh/k dimensionless is
directly associated to the thermal boundary layer thickn
δt ∝ l0Pe−1/2

l0
. In fact, the group (h/k)(l0Pe−1/2

l0
) may be

considered as a modified Nusselt number,hδt/k. This con-
clusion derived from DDA is not presented in the resea
literature or in text books and handbooks. In short, D
provides the correct order of magnitude for the heat tra
fer coefficient and clearly describes the role played (or n
by the well known classical numbers.

The asymptotic caseδv � δt or Pr � 1. This hypothesis
applies to heavy, high viscosity oils. The velocity bound
layer is much thicker than the thermal boundary layer (v
close to the plate). In consequence, the fluid velocities
accelerations are very small in this layer and friction a
inertial effects are negligible, meaning thatρ andµ can be
eliminated from the relevant list (Table 4).

In contrast with the former case, the non-disturbed ve
ity v0 must not be included in the relevant list sincev0 does
not characterize the movement in the small region of
thermal boundary layer. The characteristic velocity wit
this region must be a small fraction ofv0, namelyv∗ = Cv0,
with C 	 1, a dimensionless factor. In short, the relev

Table 4
Quantities for solvingδt and their dimensional exponents.δv � δt or
Pr � 1

Relevant list

v∗ l0 
θ k ρcp δt

L‖ 1 1
L⊥ 1 −1 1
S⊥ −1 −1
Q 1 1
T −1 −1
θ 1 −1 −1
M

-

list of quantities that defines the order of magnitude ofδt is
shown in Table 4 together with the dimensional exponen

The solution forδt is

δt ∝ (
l0k/ρcpv∗)1/2 = (

l0α/v∗)1/2

The set of quantities to determine the heat transfer co
cient,h, is shown in Table 5. The only dimensionless gro
that may be formed is

πd,1 = h
(
l0/kv∗ρcp

)1/2 = hk−1(l0α/v∗)1/2

a kind of Nusselt number associated toδt or v∗. The order
of magnitude ofh is

h ∝ k
(
l0α/v∗)−1/2

The above results represent the contribution of DDA
determining the quantitiesδt andh. The new hypothesis as
sumed by many texts is that the numerical value ofC is
close toδt /δv . Based on this hypothesis, the substitution
v∗ = (δt /δv)v0 in the expressions ofδt andh, gives

δt ∝ (l0αδv/v0)
1/3

h ∝ k(l0αδv/v0)
−1/3

Now, substitutingδv from 4.1 in these expressions,δt and
h may be definitively written as functions of the quantit
of the problem in the form

δt ∝ l0
(
µk2ρ−1v−3

0 (ρcp)−2l−3
0

)1/6

h ∝ (k/ l0)
(
µk2ρ−1v−3

0 (ρcp)−2l−3
0

)−1/6

These relations may be written (as is usual in the li
ature) in terms of the classical known numbers (Nul0, Rel0
andPr) in the forms:

δt ∝ l0Re−1/2
l0

Pr−1/3

Nul0 ∝ Pr1/3Re1/2
l0

Nevertheless, these final formulae say nothing rele
since, on the one hand,Nul0, Pr andRel0 are not really di-
mensionless parameters (from the perspective of DDA)
on the other, they do not play an independent (separate)
in this asymptotic case.

Finally, it is interesting to point out again that the expr
sion l0Re−1/2

l0
Pr−1/3 is the length that makes the ratioh/k

dimensionless, that is, the suitable length to form a disc
inated dimensionless Nusselt number.

Table 5
Quantities for solvingh and their dimensional exponents.δv � δt or
Pr � 1

Relevant list

v∗ l0 
θ k ρcp h

L‖ 1 1
L⊥ 1 −1
S⊥ −1 −1 −1
Q 1 1 1
T −1 −1 −1
θ 1 −1 −1 −1
M
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5. Discriminated dimensional analysis and scale
analysis

In our opinion, the relationship between SA and DDA
more than apparent although the formalism by which e
technique is applied is quite different. While SA starts fro
the differential equations of the problem derived from
assumed hypothesis, DDA leaves the mathematical m
aside. Nevertheless, an insight into the problem and its
pothesis is essential for precisely describing the relevan
of quantities that take part in the problem. Taking into
count (or not) an addend in the differential equation of
problem in order to establish a balance in SA is equiva
to introducing or deleting from the relevant list the ch
acteristic parameter associated to that addend in DDA.
example, if the viscous forces are negligible in the bala
of forces, the viscosity is deleted from the relevant list.
takes the simplified Navier–Stokes (momentum) equa
for a flat plate under forced convection (which assumes
existence of a thin boundary layer proposed by Prandtl,δv)
and, by manipulating this equation (referring the variab
to characteristic values such as the length of the plate,l0, the
boundary layer thickness,δv , the non-disturbed velocity,v0,
etc.) the order of magnitude ofδv is determined. This is th
fundamental contribution of SA.

Formally, in the flat plate problem studied, SA takes t
scale lengths and operates with this hypothesis in the sim
fied equation to look for the results. But, since the equat
of the model are homogeneous, might we expect diffe
results from those obtained with DDA?

The correct application of the DDA method requir
a deep knowledge of the theory under study to estab
both the appropriate dimensional basis of that theory
the precise variables of the relevant list. From this, the
der of magnitude of the boundary layer thickness (a hid
quantity) can be obtained as a function of those quanti
In the application of DDA if the variables of the releva
list are well established, and if hidden quantities can be
rived from them, such hidden quantities will have a prec
physical meaning in the problem. Another simple exam
follows. For a finite 1-D isothermal flat plate of consta
diffusivity, α, and thicknessl0, subjected to a step tempe
ature at the boundary surfaces,
θ , the relevant list of the
variables is set up by
θ , α and l0. From these variables
a characteristic time (a hidden quantity) may be obtain
τ ∗ = l20/α. This is the time required to finish the cooling
heating transient problem.

Finally, another important question concerns the conn
tion between some of the classical numbers (Re, Nu, Pe,
etc., which are not dimensionless in DDA) and the va
able groups provided by SA and DDA. Firstly, neither S
nor DDA raises such a question. These numbers ma
introduced into the solutions provided by SA and DDA
compare classical results of text books and the researc
erature. Both methods are able to assign the same real m

ings to these classical numbers (different from the generally
l

-

accepted meanings) and, from a fundamental point of v
neither method permits such these numbers to play an i
pendent role in this kind of problem or gives them immedi
physical meaning.

6. Conclusions

Discriminated dimensional analysis has been applie
demonstrate the dimensional homogeneity of the en
equation for incompressible fluids. In contrast with clas
cal dimensional analysis, in the discriminated dimensio
analysis, both spatial coordinates and mechanical or the
properties (such as viscosity and thermal conductivity) h
different dimensional equations, depending on the spatia
rections. This fact provides a more precise insight into
meaning of the terms that take part in the energy equatio

The application of discriminated dimensional analysis
laminar forced convection on an isothermal flat plate, w
negligible dissipation, leads to the final solution of the (i)
locity and thermal boundary layer thickness, (ii) drag
efficient and (iii) heat transfer coefficient. These solutio
which cannot be obtained by classical dimensional analy
agree with those deduced by the application of numer
analytical and scale analysis procedures.

In discriminated dimensional analysis, the classical nu
bersNu and Re are not relevant dimensionless parame
and, consequently, they do not play an independent
in the solutions. Hence the combination ofReandPr that
appears in many solutions is artificial. Furthermore, d
criminated dimensional analysis provides the character
lengths that take part in the “modified” Nusselt numb
Nu = hl∗/k, to make it a “discriminated” relevant dimen
sionless parameter.

Finally, when the connection between scale analysis
discriminated dimensional analysis was studied in deta
was seen that both methods lead to similar results despit
differences in the way they were applied.
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